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Abstract 

We suggest a general scheme for quantum state engineering based on conditional measurements 
carried out on entangled twin-beam of radiation. Realistic detection schemes such as on/off pho- 
todetection, homodyne detection and joint measurement of two-mode quadratures are analyzed in 
details. Imperfections of the apparatuses, such as nonunit quantum efficiency and finite resolu- 
tion, are taken into account. We show that conditional on/off photodetection provides a reliable 
scheme to verify nonclassicality, whereas conditional homodyning represents a tunable and robust 
source of squeezed light. We also describe optical teleportation as a conditional measurement, and 
evaluate the degrading effects of finite amount of entanglement, decoherence due to losses, and 
nonunit quantum efficiency. 

PACS numbers: 03.67.Mn,42.50.Dv 



1 



I. INTRODUCTION 



Quantum state engineering of radiation field plays a major role in several fundamental 
tests of quantum mechanics Q, as well as in applications such high precision measurements 
and high capacity communication channels [0]. Generation of nonclassical light generally 
involves active devices and nonlinear optical media, which couple two or more modes of the 
field through the nonlinear susceptibility of the matter. Since the nonlinear susceptibilities 
are small, the effective implementation of nonlinear interactions is experimentally challeng- 
ing, and the resulting processes are generally characterized by a low rate of success, i.e. by 
a low efficiency. 

In quantum mechanics, the reduction postulate provides an alternative intrínsic mech- 
anism to achieve effective nonlinear dynamics. In fact, if a measurement is performed on 
a portion of a composite entangled system, e.g. the bipartite entangled systems made of 
two modes of radiation, the other component is conditionally reduced according to the out- 
come of the measurement [Q. The resulting dynamics is highly nonlinear, and may produce 
quantum states that cannot be generated by currently achievable nonlinear processes. The 
efficiency of the process, i.e. the rate of success in getting a certain state, is equal to the 
probability of obtaining a certain outcome from the measurement. This is usually higher 
than nonlinear efficiency, thus making conditional schemes possibly convenient even when a 
corresponding Hamiltonian process exists. 

The nonlinear dynamics induced by conditional measurements has been analyzed for a 
large variety of tasks § |, §, g §, g, [TO], [TJ, |TJ, [TJ, [TJ, |IJ, [KJ [T7|, |TS| , among which we men- 
tion photon adding and subtracting schemes || , optical state truncation of coherent states 
f|, generation of cat-like states @, |, state filtering by active cavities |Ï0|, |ïï| , synthesis 
of arbitrary unitàries fï2fl , and generation of optical qubit by conditional interferometry |]Ï3| . 

In this paper we analyze in details the use of conditional measurements on entangled 
twin-beam (TWB) to engineer quantum states, i.e. to produce, manipulate, and trans- 
mit nonclassical light. In particular, we will focus our attention on realistic measurement 
schemes, feasible with current technology, and will take into account imperfections of the 
apparatuses such as detection quantum efficiency and finite resolution. 

The reason to choose TWB as entangled resource for conditional measurements is twofold. 
On one hand, TWBs are the natural gener alization to continuous variable (CV) systems of 
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Bell states, i.e. maximally entangled states for qubit systems. On the other hand, and more 
important, TWBs are the only CV entangled states that can be reliably produced with 
current technology, either by parametric downconversion of the vacuum in a nondegenerate 
parametric amplifier |TÜ|, or by mixing two squeezed vacua from a couple of degenerate 
parametric amplifiers in a balanced beam splitter [F2t], |2T|. Overall, our main goal is to 
establish the current state of art for conditional engineering of CV quantum states assisted 
by entanglement. 

The first kind of measurement we analyze is on/off photodetection. As a matter of fact, 
though recent proposals are encouraging f22| , the discrimination of, say, n photons from n+1 
photons in the quantum regime is still experiment ally challenging. Therefore, we are led to 
consider the action of realistic avalanche on/off photodetectors, i.e. detectors which have 
no output when no photon is detected and a fixed output when one or more photons are 
detected. Our analysis shows that on/off photodetection on TWB provides the generation 
of conditional nonclassical mixtures, which are not destroyed by decoherence induced by noise 
and permits a robust test of the quantum nature of light. The second apparatus is homodyne 
detection, whose action on TWB represents a tunable source of squeezed light, with high 
conditional probability and robustness to experimental imperfections, such nonunit quantum 
efficiency and finite resolution. The third kind of measurement we are going to consider is the 
joint measurement of the sum- and difference-quadratures of two modes, corresponding to the 
measurement of the real and the imaginary parts of the complex photocurrent Z = a + tf , a 
and b being two modes of the field. Such a measurement is realized by generalized heterodyne 
detection if the two modes have different freqüències, and by multiport homodyne detection 
if they have the same frequency. In our case one of the two modes is a beam of the TWB, 
whereas the second mode is excited in a given reference state, usually referred to as the 
probe of the measurement. As we will see, this approach allows to describe CV quantum 
teleportation as a conditional measurement, and to easily evaluate the degrading effects of 
finite amount of entanglement, decoherence due to losses, and imperfect detection. 

The paper is structured as follows. In Section we establish notation and describe the 
general measurement scheme we are going to consider. In Section |ITJ we consider the three 
above detection schemes as conditional measurements to engineer nonclassical states. In 
Section [TV] we show how to evaluate detection probabilities and conditional states using 
Wigner functions. This approach allows us to analyze several degrading effects in CV tele- 
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portation, and to show the equivalence of noisy teleportation to a Gaussian noisy channel. 
Section [V] closes the paper with some concluding remarks. 



II. CONDITIONAL QUANTUM STATE ENGINEERING 

The general measurement scheme we are going to consider is schematically depicted in 
Fig. []]. The first stage consists of a non-degenerate optical parametric amplifier (NOPA) 
obtained by a nonlinear optical crystal cut either for type I or type II phase-matching. 
In the parametric approximation (i.e. pump remaining Poissonian during the evolution p9[ ) 
the crystal couples two modes of the radiation field according to the effective Hamiltonian 

H K = «(aW + ab) , (1) 

where k represents the effective nonlinear coupling, and a and b denote modes with wave 
vectors satisfying the phase-matching condition k a + kb = k p , k p being the wave vector of 
the pump. For vacuum input we have parametric downconversion, with the output given by 
the so-called twin beam state of radiation 



|A» = V 1 " l A ! 2 E XP IfiP» \PP)) = lP)a ® \p) b (2) 
p=0 

where À = tanh|fí;|r and r represents an effective interaction time. The TWB |À)) is an 
entangled state living in the bipartite Hilbert space 7í a ® 7íb, where TCj, j = a,b, are the 
Fock space of the two modes respectively. TWBs are pure states and thus the entanglement 
can be quantified by the excess Von-Neumann entropy [24|, [25|, |26|. The entropy of a 



two-mode state g is defined as S[g] = — Tr {g\og g} whereas the entropies of the two modes 
a and b are given by S[Qj] = — Tr^ {qj log Qj}, j = a, b, with g a = Tr^ {g} and g^ = Tr a {g} 
denoting partial traces. The degree of entanglement of the state g, in terms of the average 
number of photons of the TWB N = 2A 2 / (1 — A 2 ), is given by 

AS = í(£[aj +S[g b ]-S[g]) 

N N 2 
= log(l + y) + T log(l + -). (3) 

Notice that for pure states AS* represents the unique measure of entanglement p8f , and that 
TWBs are maximally entangled states for a given (average) number of photons. The degree 
of entanglement is a monotonically increasing function of N. 



A measurement performed on one of the two modes reduces the other one according to the 
projection postulate. Each possible outcome x occurs with probability P x , and corresponds 
to a conditional state a x on the other subsystem. We have 



P,. = Tr, 



ab 



\\)){{\\ 1 ® n x = (1 - A 2 ) £ A 2<? {q\Ií x \q) = (1 - A 2 )Tr,[A 2btfe Ii x ] (4) 



1 T. 



I A» «A| 1 ® nj = (P|n,|g) = ^"t^ ( 5 ) 



where Il x is the probability measure (POVM) of the measurement. In the last equalities of 
both Eqs. (§) and (|5|) we have already performed the trace over the Hilbert space 7í a . Also 
notice that in the last expression of g x U x should be meant as an operator acting on Tí a . Our 
scheme is general enough to include the possibility of performing any unitary operation on the 
beam subjected to the measurement. In fact, if E x is the original POVM and V the unitary, 
the overall measurement process is described by IT^ = V^E X V, which is again a POVM. In 
the following we always consider V — I, i.e. no transformation before the measurement. 
A further generalization consists in sending the result of the measurement (by classical 
communication) to the reduced state location and then performing a conditional unitary 
operation U x on the conditional state, eventually leading to the state a x = U x g x ll^. This 
degree of freedom will be used in Section [III C| , where we analyze CV quantum teleportation 
as a conditional measurement of the sum- and difference- quadrat ure of two modes. 



III. CONDITIONAL MEASUREMENTS ON TWIN-BEAM 

A. Geigerlike (on/off) photodetection 

By looking at the expression (|2|) of TWB in the Fock basis, it is apparent that ideal 
photocounting on one of the two beams, described by the POVM IT n = \n)(n\, is a conditional 
source of Fock number state |n), which would be produced with a conditional probability 
P n — (1 — A 2 )A n . However, as mentioned above, photocounting cannot be considered a 
realistic kind of measurement. Therefore, we now consider the situation in which one of the 
two beams, say mode b, is revealed by an avalanche on/off photodetector, i.e. a detector 
which has no output when no photon is detected and a fixed output when one or more 
photons are detected. The action of an on/off detector is described by the two-value 
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POVM 



u ^J2(i- v ) k \k)(k\ 

fe=0 



ni = i - n 



(6) 



r) being the quantum efíiciency. The outcome "1" (i.e registering a "click" corresponding to 
one or more incoming photons) occur with probability 



P 1 = «A|I<8>ni|A» 
V \ 2 



(7) 



rjN 



l-X 2 (l-7]) 2 + r]N 
and correspondingly, the conditional output states for the mode a is given by 

i \2 oo 

k=i 

The density matrix in Eq. @ describes a mixture: a pseudo-thermal state where the 
vacuum component has been removed by the conditional measurement. Such a state is 



(8) 



highly nonclassical, as also discussed in Ref. [30]. Notice that the nonclassicality is present 
only when the state exiting the amplifier is entangled. In the limit of low TWB energy the 
conditional state Q\ approaches the number state |1)(1| with one photon. 
The Wigner function 



W(a) = — / rf 2 7 e 



7T 



Tr [gx D(j)] , 



(9) 



of Qi (D(j) = exp[yaJ — 7a] is the displacement operator) exhibits negative vàlues for any 
value of A and 77. In particular, in the origin of the phase space we have 



W(0) 



2 + r]N 



vr N + 1 2(1 + N) - rjN ' 
One can see that also the generalized Wigner function for s-ordering 



(10) 



WJa) = — 



■s \ 1 ' / i d 7^0(7) ex P 

7TS 



\a — 7 



shows negative vàlues for s G (—1,0). In particular one has 

2(1 + s)(2 + r]N) 



W s (0) 



(11) 



tt(1 + N - s) [2(1 + N-s)- r)N(l + s)} ' 
A good measure of nonclassicality is given by the lowest index s* for which W s is a well- 
behaved probability, i. e. regular and positive defmite [3Ï] . Eq. (|TÏ| ) says that for ^1 we have 
s* = —1, that is ^1 describes a state as nonclassical as a Fock number state. 



The Fano factor of Q\ is given by 

H< 2+iv > I'^- íw!) )' (12) 

Roughly, for 77 not too low, we have F = N/2 + N(N — 2) / (N + 2) 2 (l — rj). Therefore, we have 
that the beam b is also subPossonian for A" < 2.2. The verification of nonclassicality can 
be performed, for any value of the gain, by checking the negativity of the Wigner function 
through quantum homodyne tomography p2| |, and in the low gain regime, also by verifying 
the subPoissonian character by measuring the Fano factor via direct noise detection |34] . 

Notice that besides quantum efficiency, i.e. lost photons, the performance of a realistic 
photodetector may be degraded by the presence of dark-count, i.e. by "clicks" that do 
not correspond to any incoming photon. In order to take into account both these effects a 
real photodetector can be modeled as an ideal photodetector (unit quantum efficiency, no 
dark-count) preceded by a beam splitter (of transmissivity equal to the quantum efficiency) 
whose second port is in an auxiliary excited state (e.g. a thermal state, or a random-phase 
coherent state), which accounts for the background noise (thermal or Poissonian). However, 
at optical freqüències the number of dark counts is negligible and we are not going to take 
into account this effect, which have been analyzed in details in Ref. |32| . 

We conclude that conditional on/off photodetection on TWB provides a reliable scheme 
to check nonclassical light. The nonclassicality, as well as its verification, are robust against 
amplifier gain and detector efficiency. 



B. Homodyne detection 

In this Section we consider the kind of conditional state that can be obtained by homodyne 
detection on one of the two beams exiting the NOPA. We will show that they are squeezed 
states. We first consider ideal homodyne detection described by the POVM Ii x = \x)(x\ 

where _ 

1 x í^\ l/i -s* ^ H n (y/2x) , , 
\x) = - e x > — , n) , 

with H n (x) denoting the n-th Hermite polynomials, is an eigenstate of the quadrature op- 
erator Xb = \{b + W). Then, in the second part of the section we will consider two kind of 
imperfections: non unit quantum efficiency and finite resolution. As we will see, the main 
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effect of the conditional measurement, i.e the generation of squeezing, holds also for these 
realistic situations. 

The probability of obtaining the outcome x from a homodyne detection on the mode b is 
obtained from Eq. (B). We have 



exp \ x2 z \ 

P x = (1 - A) 2 £ A 2 « |(x|g)| 2 = ^ , (13) 



q =o J2na 2 



where 



2 _ 11 + A2 1 
ax ~ 41 - A 2 4 



-(1 + iV). (14) 



P-r is Gaussian with variance that increases as A is approaching unit. In the (unphysical) 
limit A — > 1 i.e. infinite gain of the amplifier the distribution for x is uniform over the real 
axis. The conditional output state is given by Eq. (j5|), and since U x is a pure POVM, it is 
a pure state g x = \ip x )(ip x \ where 



M = J 1 -p^^ a \x) = E^\k}- (15) 

' x k 

The coefficients of \ip x ) in the Fock basis are given by 

-^(1-A^e-Wií^), (16) 
which means that 1^) is a squeezed state of the form 

|Vg = D(a)5(C)|0>, (17) 

where 

2a;A _ x^/ÏV(ÏV + 2) 



1 + A 2 1 + 



C = ArcTanhA 2 = ArcTanh — . (18) 
s N+2 v ) 



The quadrature fluctuations are given by 



1 1 -T—B 1 



where x a = \{a) + o), y a = - o), and AO 2 = Tr[^ O 2 ] - (Tr[g 0}f. Eq. ([ÏÏ| 
confirms that \ifj x ) is a minimum uncertainty state. Notice that: i) the amount of squeezing 



is independent on the outcome of the measurement, which only influences the coherent 
amplitude; ii) according to Eq. (|T3| ) the most probable conditional state is a squeezed 
vacuum. The average number of photon of the conditional state is given by 

N x = (A\aM^) = - 2 ff^ + • (20) 

The conservation of energy may be explicitly checked by averaging over the possible outcomes 

1 N 2 9 N(N + 2) N 

dx P x N x = + al -H \o = — , 21 

41 + iV (l + N) 2 2 ' K J 

which correctly reproduces the number of photon pertaining each part of the TWB. 

We now take into account the effects of nonunit quantum efliciency at the homodyne 
detector on the conditional state. We anticipate that g x will be no longer pure states, and 
in particular they will not be squeezed states of the form ([Ï7|) . Nevertheless, the conditional 
output states still exhibit squeezing i.e. quadrature fluctuations below the coherent level, 
for any value of the outcome x, and for quantum efliciency larger than rj > 1/2. 

The POVM of a homodyne detector with quantum efliciency r\ is given by 

n -=^^ exp {- í w ! ^ n " (22) 



n 



where 

a ; - ^ • (23) 

The nonideal POVM is a Gaussian convolution of the ideal POVM. The main effect is that 
U xri is no longer a pure orthogonal POVM. The probability P xrj of obtaining the outcome x 
is still a Gaussian, now with variance 

A% = al + Al (24) 

The conditional output state is again given by Eq. (|5]). After some àlgebra we get the 
matrix element in the Fock basis 



(1 _ A 2 )A n +m I 2 _ (1 _ A 2) 2,2 ^») 

(25) 
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The quadrature fluctuations are now given by 



l + JV(l-»7) „ 1 



Ax 2 n = — — i Ay2 = -(l + N). (26) 



As a matter of fact, Ay^ is independent on T], whereas Ax 2 increases for decreasing rj. 
Therefore, the conditional output g x is no longer a minimum uncertainty state. However, 
for r) large enough we still observe squeezing in the direction individuated by the measured 
quadrature. The form of the output state can be obtained by the explicit calculation of the 
matrix elements or, more conveniently, by evaluating the Wigner function (see Section |TV| ) . 
We have 

g xv = D(a v ) S{Q v t K S\Q D\a v ) , (27) 

where 



'^'"Stri)' 1 * 1 



Vth 

is a thermal state with average number of photons given by 




and the amplitude and squeezing parameters read as follows 



WW + 2) 

a -= 1 + V N X (29) 
1, J1 + N)(1 + V N) 

c " = 4 log ÏTnoTv) " ( } 

From Eqs. (p6| ) and ( p0|) we notice that g xi) shows squeezing if rj > 1/2, independently 
on the actual value x of the homodyne outcome. In Fig. ^| we illustrate the effects of 
quantum efhciency on the matrix elements of the conditional state. In particular we plot 
the matrix elements for two vàlues of the homodyne outcome x = 0.0, 0.6 and three vàlues 
of the quantum efhciency 77 = 1.0, 0.8, 0.4. 

The outcome of homodyne detection are, in principle, continuously distributed over the 
real axis. However, in practice, one has always to discretize data, mostly because of finite 
experimental resolution. The POVM describing homodyne detection with binned data is 
given by 

l /-x+S/2 

IW<*) = 7/ àtUtr,, (31) 

Jx—S/2 
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where II ÍÍ? is given in Eq. (|22|) , and 5 is the width of the bins. The probability distribution 
is now given by 

<5 



Erf 



x + ^ 




(32) 







exp j 


2A 'U } 



* 2 ~ ^ a 



0(5 3 



where A| is given in Eq. ( |24|) and Erf[...] denotes the error function. The conditional state 
is modified accordingly. Concerning the quadrature fluctuations of the conditional state we 
have, up to second order in 5, 



12 (I + 77ÍV) 2 
which is below the coherent level for 77 > 1 /2 and for 



\x\ <C x$ — a 
6 \ 



3(1 + rjN)(2ri - 1) 



(33) 



(34) 



r] 2 (N + 2) 

Therefore, the effect of finite resolution is that the conditional output is squeezed only for 
the subset \x\ < x$ of the possible outcomes which, however, represents the range where 
the probability is higher. In Fig. [|, as an example, we show P xrj {ó) as a function of x for 
1] = 0.7, 5 = 0.25, and iV = 20. The threshold x$ is shown as well as the overall probability 
Qs of producing a squeezed state which, up to second order in 5, is given by 

I V 



Qs 



dx P xv (5) 



Erf 



(35) 



where 



6(277 - i; 



\v(N + 2)- (36) 
In Fig. |] we show g(rj, N) as a function of 77 for different vàlues of the TWB photon number 
N. As it is apparent from the plot g(r],N) is a monotonically increasing function of rj and 
a monotonically decreasing function of N. Notice that the larger is g(r], N) the smaller 
is the effect of finite resolution in decreasing the probability of obtaining squeezed states. 
In principle, using small value of iV (i.e less entanglement) increases the probability of 
getting squeezed states. However, such states would be only slightly squeezed ^.e. Ax 2 a <• \. 
Therefore, since the scheme is aimed to be a tunable source of squeezing, the best strategy 
is to use large vàlues of N, while accepting a slightly decreased conditional probability. 
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C. Joint measurement of two-mode quadratures 



In this Section we assume that mode b is subjected to the measurement of the the real 
and the imaginary part of the complex operator Z = b + c', where c is an additional 
mode excited in a reference state S. The measurement of Re[Z] and Im[Z] corresponds to 
measuring the sum- and difference-quadratures Xb + x c and yb — y c of the two modes, and can 
be experiment ally implemented by multiport homodyne detection, if the two modes have the 
same freqüències [ïï], [37], or by heterodyne detection otherwise pg| . The measurement 
is described by the following POVM jg, fHJ 

Iï a = -D(a)S T D\a) (37) 

7T 

where a is a complex number, -D(a) is the displacement operator and (• • -) T stands for the 
transposition operation. The present scheme is equivalent to that of CV teleportation, which 
can be viewed as a conditional measurement, with the state to be teleported playing the 
role of the reference state S of the apparatus. In order to complete the analogy we assume 
that the result of the measurement is classically transmitted to the receiver's location, and 
that a displacement operation D(a) is performed on the conditional state g a . One has 

p a = (1 - A 2 )Tn [A ata D(a)S T D\a)] (38) 
g a = — Tn \\\)){{\\D(a)S T D\a)®I 2 

Pa L 

a a = D(a)Q a D ] (a) , 
while the teleported state is the average over all the possible outcomes, i. e. 



a = Jd 2 ap a a a = Jd 2 aD(a)Tn [|A))((A| D{a)S T D\a) <g> J 2 ] D\a) . 



(39) 



After performing the partial trace, and some àlgebra, one has 



f^exp{-£f-}D(a)SDÍ(a) 
J ttKo Ko 



(40) 



where K = 1 + N — J N(N + 2). The output state g coincides with the input only in the 
limit iV — ► oo i.e. for infinite energy of the TWB. Eq. ( |4~0|) shows that CV teleportation 
with finite amount of entanglement is equivalent to a Gaussian channel with K background 



photons applied to the input state. This result has been also obtained in Refs. [41, H2J by 
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different methods. In the next Section we will show that this result still holds taking into 
the effects of decoherence due to losses, and nonunit quantum efíiciency of the measurement, 
either multiport homodyne or heterodyne detection. 



IV. CONDITIONAL MEASUREMENTS IN THE PHASE SPACE 

The results of the previous Sections can be derived, and for CV teleportation also ex- 
tended, using Wigner functions in the phase space. The analysis is based on the fact that 
the trace between two operators can be written as 031 



Tr [Oi 2 ] = tt y d 2 (3 W[O x \{p) W[0 2 }{(3) , (41) 

where the Wigner function for a genèric operator O is defined analogously to that of a 
density matrix. As in (|9|) we write 



W[0](a) = I ^ e a ™ Tr [O D( 7 )] 



(42) 



where at is a complex number and -D (7) is the displacement operator. The inverse transfor- 
mation reads as follows [4~3] 



= Jd 2 a W[0}(a) e~ 2 ^ 2 e W (-f a e 2aa 



(43) 



The Wigner function W[A](xi, y\\ x 2 , ^2) of a TWB is Gaussian (we omit the argument) 



-1 



W[X] = [27ra 2 + 2na 2 _) exp 
where the variances are given by 



(xi + x 2 ) 2 (3/1 + y 2 ) 2 {xi-x 2 f (yi-y 2 f 



la 2 



Aaí 



a 



1 + N + JN(N + 2) 



1 + N - JN(N + 2) 



Using PH) we rewrite the probability distribution (HI) as follows 



(44) 

(45) 
(46) 



P x = JJdxxdyi JJdx 2 dy 2 W[X](xi,y 1 ;x 2 ,y 2 )W[Il x ](x 2 ,y 2 ) 
= (1-A 2 ) IJdx 2 dy 2 W[\ 2htb ](x 2 ,y 2 )W[U x ](x 2 ,y 2 ) , 



(47) 
(48) 
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where W / [n a; ](a;2, y 2 ) is the Wigner function of the POVM describing the measurement and 
Analogously, the Wigner function of the conditional output state (0) can be written as 



W[0x](zi,2/i) = — JJdx 2 dy 2 W[X}(x 1 ,y 1 ;x2,y2) W[U x ](x 2 ,y 2 ) ■ (50) 

Once the Wigner function for the POVM U x of the detector is known, one may repro- 
duce the results of previous Sections using (|48|) and (|50|) together with (|4~3|) . For on/off 
photodetection one has 



W[n 1 }(x 2 ,y 2 ) = l-W[n„](x 2 ,!/ 2 ) , (51) 

whereas the POVM of a homodyne detector with quantum efficiency 77 corresponds to the 
Wigner function given by 



W[U xv }( Xl , yi ) = W[U x11 }( Xl ) 

= (2nAl)-^e W {-^^L·\ , (52) 



{x\ — x) 2 



K 2A V > 

where is given in Eq. ([2"5|). 

Let us now focus our attention on the situation where the conditional measurement on 
TWB is the joint measurement of the sum- and difference- quadratures of two modes. In 
this case, the Wigner approach is advantageous, in particular in the description of optical 
teleportation as a conditional measurement, in order to include the degrading effects of 
nonunit quantum efficiency and of losses along the transmission channel. 



At first, we consider the ideal POVM n Q of Eq. (|37). By taking into account that for 
any density matrix 

W[g T ](x,y) = W[g](x,-y) 
W[D{a)gD\a)]{x,y) = W[g]{x - x a , y - y a ) , (53) 

with x a = Re[a] and y a = lm[a], it is easy to show that 

W[Yl a }(x 2 , y 2 ) = W[S\{x 2 - x a , y a - y 2 ) . (54) 

14 



Inserting (p4[) in ( flq) and (|50|), and changing the integration variables, we obtain the Wigner 
function of the teleported state a of Eq. ([39]) 



W^[o-](x2,y 2 ) = JJdxidyx JJdx a dy a W[X)(x 2 + x a ,y 2 + y a \Xi + x a , -y x - y a ) W[S](x 1 ,y 1 ) 

t^ exp {-^^} W[s\(x2-xi,y2-yi), (55) 

which corresponds to the state given by Eq. ([K]). We now proceed by taking into account 
nonunit quantum efficiency of the detector and losses due to propagation of TWB. Nonunit 
quantum efficiency at either double homodyne or heterodyne detectors modifies the POVM 
of the sender, which becomes a Gaussian convolution of the ideal POVM Il a 

n ^ = / rm ex PÍ U ? D v = —T- > (56) 



leading to 



W[U a ,](x 2 , y 2 ) = JJ^^ exp W[S){x p + x 2 - x a , y a -y 2 - y p ) . (57) 



On the other hand, losses that may occur during the propagation of TWB degrade the 
entanglement. This effect can be described as the coupling of each part of the TWB with a 
non zero temperature reservoir. The dynamics is described by the two-mode Master equation 

dfí 

—^ = CR t = T(l + M)L[a]R t + T(l + M)L[b]R t + TML[aï}R t + TML[tf]R t (58) 

where R t = R(t), R = \x))((x\, T denotes the (equal) damping rate, M the num- 
ber of background thermal photons, and L[0] is the Lindblad superoperator L[0]a t = 
Oa t O^ — \O^Oo t — . The terms proportional to L[a] and L[b] describe the losses, 

whereas the terms proportional to L[a^] and L[tf] describe a linear phase-insensitive amplifi- 
cation process. This can be due either to optical media dynamics or to thermal hopping; in 
both cases no phase information is carried. Of course, the dissipative dynamics of the two 
channels are independent on each other. The Master equation (|58| ) can be transformed into 
a Fokker-Planck equation for the two-mode Wigner function of the TWB. Using the dif- 
ferential representation of the superoperators in Eq. (|58|) the corresponding Fokker-Planck 
equation reads as follows 
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d T W T 



1 / E^+d+líè^·+^i+ 



(59) 



\3=l ) " \Í=1 

where r denotes the rescaled time t = T/jt, and 7 = 2J J +1 the drift term. The solution of 
Eq. fl5"9|) can be written as 

2 

r7 Ít.It'^ (i'-\y j 



2 

W T = Jdx[ ídx 2 ídy[ ídy 2 W[\\(x' l: y' x ;x' 2 ,y 2 ) J[ G r (x i |x^)G r (y i |^ 



(60) 



where W[A] is initial Wigner function of the TWB, and the Green functions G T (x 3 -\x'j) are 
given by 



Cj rj- (yX j l OC j ^ 



: exp 



(xj - x'-e-h^f 

m 1 



D 



47 



:i- e 



-7r^ 



(61) 



The Wigner function W T can be obtained by the convolution (^), which can be easily 
evaluated since the initial Wigner function is Gaussian. The form of W T is the same of W[X] 
with the variances changed to 



3 7 T 



a 



3 7 r 



ai + D' 



(62) 



wc 



Inserting the Wigner functions of the POVM U ari and of the evolved TWB in Eq. ( 
obtain the teleported state in the general case. This still has the form fl40|), however with 
the parameter K now given by 



K = K e rt + (2M + l)(e I 



Dl. 



(63) 



Eqs. (fï(]) and ( |63"D summarize the possible effects that degrade the quality of teleportation. 
In the special case of coherent state teleportation one has S = \z)(z\, which corresponds to 
original optical CV teleportation experiments P0| . The fidelity F = (z\a\z) can be evaluated 



straightforwardly as the overlap of the Wigner functions. Since W / [2;](a) — - e 2 ' a 2 ' 2 is the 
Wigner function of a coherent state, we have 



l + fí e rí + (e rí - 1 )(2M + l) + J D2 • 

In order to verify quantum teleportation, i.e. to show that the scheme is a truly nonlocal 
protocol, the fidelity should fulfill the bound F > 1/2 [EO], i.e. 



J fíoe ií + (e ií ~ i )(2M + l) + ^ < 1 
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Therefore, given the value of the parameters T, M, and 77, in order to verify quantum 
teleportation, one should use TWB with a number of photons satisfying the bound 



V. SUMMARY AND CONCLUSIONS 

A measurement performed on one beam of a TWB reduces the other one according to 
the projection postulate. This effect is an intrinsic quantum mechanism to achieve effective 
nonlinear dynamics. We have analyzed in details the use of conditional measurement on 
TWB to generate and manipulate quantum states of light. In particular, we have studied 
realistic measurement schemes taking into account imperfections of the apparatuses, such 
as detection quantum emciency and finite resolution. 

The first kind of measurement we have analyzed is on/off photodetection which pro- 
vi des a reliable scheme to check nonclassical light. The nonclassicality and its verification 
are robust against the TWB energy and the detector emciency. The second apparatus is ho- 
modyne detector, whose action on TWB represents a tunable source of squeezed light, with 
high conditional probability and robustness to experimental imperfections. In particular, 
in the ideal case, the conditional output state is a pure minimum uncertainty state which 
two features: the amount of squeezing is independent on the outcome of the measurement, 
which only influences the coherent amplitude, and the most probable conditional state is a 
squeezed vacuum. Taking into account the effect of nonunit quantum emciency and finite 
resolution, we have that the conditional state is no longer a pure state, however, still showing 
squeezing for quantum emciency larger than r\ > 1/2 and for a large range of the homodyne 
out comes. 

Finally, we have shown how to describe optical CV teleportation as a conditional mea- 
surement of the sum- and difference-quadratures of two modes. We found that realistic CV 
teleportation with finite amount of entanglement is equivalent to a Gaussian channel with 
K ~ (2iV) _1 background photons applied to the input state. Using Wigner functions we 
have also shown that the teleportation in the general case, i.e. taking into account the 
degrading effect s of finite amount of entanglement, decoherence due to losses, and imperfect 
detection, still corresponds to a Gaussian channel, however with an increased number of 
background photons [see Eq. (|63|)]. A bound on the average TWB energy, in order to verify 




(64) 



17 



quantum teleportation, has been derived. 

We conclude that performing conditional measurements on entangled twin-beam is a 
powerful and robust method to engineering nonclassical states of light. 
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n, = v ev 



FIG. 1: Scheme for quantum state engineering assisted by entanglement. At first, a twin-beam 
of the modes a and b is produced by spontaneous downconversion in a nondegerate parametric 
optical amplifier. Then, mode b is (possibly) subjected to the unitary transformation V and 
then revealed by a measurement apparatus described by the POVM E x . Overall, the quantum 
operation on the mode b is described by the POVM H x = V*E X V. The conditional state of mode 
a is given by g x : this state may be further modified by a unitary transformation U x depending 
on the outcome of the measurement, whose value may be sent to the receiver location by classical 
communication. We always take V = I (no transformation before the measurement), and consider 
three kind of measurements: on/off photodetection, homodyne detection and joint measurement 
of two-mode quadratures by multiport homodyne or heterodyne detection. In the case of on/off 
photodetection and homodyne detection we do not consider further transformation (i.e. U x = I), 
whereas for heterodyne detection this is a displacement operator D(a), with amplitude equal to 
the result of heterodyne detection. 
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FIG. 2: Matrix elements in the Fock basis of the conditional state g x after homodyne detection on 
TWB. In the first row the matrix elements for x = 0.0 and rj = 1.0, 0.8, 0.4. In the second row the 
matrix elements for x = 0.6 and the same vàlues of quantum emciency. 




-7.5 -5 -2.5 2.5 5 7.5 



FIG. 3: Probability distribution P xri (S) of the homodyne outcomes x for r/ = 0.7, N = 20, and 
5 = 0.25. The threshold value xg — 5.16 to obtain a conditionally squeezed state is shown. The 
gray-shaded area represents the overall probability Qs — 97% of producing a squeezed state by the 
conditional measurement. 
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FIG. 4: The function g(r],N) in Eq.@ versus the quantum efíiciency for different vàlues of the 
TWB photon number N. From top to bottom we have the curves for N = 1,2, 5, 10. 
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